100A HW6 Solutions

Problem 1 Given z € {a.b, ¢} with prior p(z) and y € {1,2,3,4} with conditional p(y|x):
1. Joint Distribution p(x,y): Use p(x,y) = plx) - p(yz).
plr=a,y=1)=0.4-0.20 = 0.08

plr=ay=2)=04-0.30=0.12
plr=a,y=3)=04-040=0.16
plr=a,y=4)=04-0.10=0.04
plr=by=1)=03-0.50=0.15
ple=by=2)=03-0.20=0.06
plr=by=3)=03-0.20=0.06
ple=by=4)=03-0.10 = 0.03
plr=c.y=1)=03-0.10=0.03
plr=cy=2)=03-0.10=0.03
plr=e,y=3)=03-0.30=0.00
plr=c,y=4)=03-0.50=0.15

y=1 y=2 y=3 y=4
r=a| 008 012 016 0.04
x=>5b| 015 006 006 0.03
r=c | 003 003 009 015

Table 1: Joint distribution p(x, y).

2. Marginal Distribution p(y): Sum over = for each y:
ply=1) = 0.08 + 0.15+ 0.03 = 0.26
ply=2) =012+ 0.06 + 0.03 = 0.21
ply=3) = 0.16 + 0.06 + 0.09 = 0.31
ply =4) = 0.04 4 0.03 4 0.15 = 0.22
Check: 0.26 4+ 0.21 +0.31 +0.22 = 1.



3. Backward Conditional Distribution p(x|y): Use p(x|y) = 2524,

ply)

plr=aly=1)= ggi = 0.3077
plr=bly=1)= (: ;6 = 0.5769
plr=cly=1)= % = 0.1154
plx=aly=2)= 3—;’ = 0.5714
plr=bly=2)= g 2(15 == (.2857

plr=cly=2) = :: [2}‘: == 0.1429

plr=aly=3)= 0. l[l; == 0.5161
plx=bly=3)= g g? == 0.1935
ple=cly=3)= % ~0.2903
plr=aly=4)= g% = ().1818
plr=bly=4)= % = 0.1364
plr=cly=4)= g ; == 0.G818

y=1 y=2 y=3 y=4
r=a | 03077 05714 0.5161 0.1818
r=~hb| 0.5769 0.2857 0.1935 0.1364
r=c| 01154 0.1429 0.2903 0.6818

Table 2: Backward conditional distribution p(z|y) (rounded to 4 decimals).

Problem 2

1. Density of X ~ N(u,o%):

1 (x — p)?
f@) = Vora? o (_ 20? )

2. Conditional Density f(y|z): Given X ~ N (0,1) and [Y|X = 2] ~ N(pz, 1 — p*):

_ 1 (y—px)?
k) = = e (57 25%)




4. Conditional Expectation and Variance:

(a) E[Y|X = z] = pr (mean of N(pz,1 - p?)).
(b) Var[Y|X = a] =1 — p* (variance of N'(px,1 — p)).

4. Joint Density f(x,y): Use f(x,y) = f(z)f(y|z), where f(x) = 7]2?93([’ (_ %)

few= (“127 o (_%2)) ( \/%(11 e R (_ Sil_-”iz’?))

v (2 y—p)
“war ()

Expand the exponent:

2y =2y pat 21— p?) 4yt - 2pmy 4+ pPa’
2 201-4%) 2(1 - p?)
o at 4yt —2pay
2(1-p?%)
Thus: ) )
1 x° —2pxy + Y )
x, = exp| —
faw) = s 1( o
Problem 3

(1) Given X; ~ Uniform|0, 1] independently, i = 1,...,n:

1 271
p:m(x,-):f z-ld‘r::[z_] =1
0 2], 2
1
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E(x=)=[x2-mx=[f_] _1
! 0 3]s 3
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fes —Var(X.}—3 =3-i"

For §=3%" X;:

(8) =S E(X) =n- LoD
h(S)—gh(X,)—n 5=3%

Var(S) = Z Var(X;)=n- % - (independence)
i=1

12
For X = S/n:

E(X}zE(g) _E(S) _n/2 _1

n n 2

n? n?  12n

Var(X) = Var (5) _ Var(5) _n/12 _ 1

n



By the Central Limit Theorem (CLT), for large n:

=¥ (51)

. 1 1
X~ (5 537)
(2) Given Z; ~ Bernoulli(p) independently, i = 1,...,n:
n=EZ)=p-1+(1-p)-0=p

E(Z})=p-1*+(1-p)-0=p
o = Var(Z) = p—p* = p(1 - p)

For X =31, Z:
E(X) = Z E(Z;) =np
i=1
Var(X) = i\"’m‘(zé) =mnp(l —p) (independence)
i=1
For X/n: b
B(X/n) = == = ' =p
Var(X/n) = Va;(ZX) = "p(L; p) _ ﬂ(l!:P)

Exact distribution of X: X ~ Binomial(n,p) (sum of independent Bernoullis). Approximate
distribution of X /n: By CLT, for large n:

Xn=N (p,u)

n



